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Spectral Classification and Multiplicative Partitioning
of Constant-Weight Sequences Based on Circulant
Matrix Representation of Optical Orthogonal Codes
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Abstract—Considering the space of constant-weight sequences
as the reference set for every optical orthogonal code (OOC) design
algorithm, we propose a classification method that preserves the
correlation properties of sequences. First, we introduce the circu-
lant matrix representation of optical orthogonal codes and, based
on the spectrum of circulant matrices, we define the spectral classi-
fication of the set S,, ., of all (0, 1) -sequences with length n, weight
w, and the first chip “1”. Then, as a method for spectrally classi-
fying the set S,, .,, we discuss an algebraic structure called multi-
plicative group action. Using the above multiplicative group action,
we define an equivalence relation on .S,, ., in order to classify it into
equivalence classes called multiplicative partitions which are the
same as the spectral classes. The algebraic properties of the pro-
posed partitioning such as the number of classes and the size of
each class are investigated and in the case of prime »n, a novel for-
mula for the number of classes is derived. Finally, we present and
prove the autocorrelation, intraclass and interclass cross-correla-
tion properties of our proposed classification of the space S, ., that
decrease the computational complexity of search algorithms in de-
signing and constructing (n, w, A4, A )-O0C.

Index Terms—Autocorrelation, circulant matrix, cross correla-
tion, group action, multiplicative partitioning, optical orthogonal
code (OOC), spectral classification.

I. INTRODUCTION

N OPTICAL orthogonal code (OOC) is a family of (0,

1)-sequences with desired auto- and cross-correlation
properties providing asynchronous multi-access communi-
cations with easy synchronization and good performance in
OCDMA communication networks [1]-[3]. Ever since the
introduction of optical orthogonal codes, there has been contin-
uous and extensive efforts for devising efficient algorithms to
construct these codes. The algorithms based on mathematical
structures such as finite projective geometry [1], [4], block
design [5]-[8], finite Mobius geometry [9], combinatorics
[1], [10], Galois fields [11], [12], etc., are applicable for par-
ticular numbers of code-length n, code-weight w, auto- and
cross-correlation constraints A, and \. that may not be suitable
for real and practical systems. For example, to the best of
our knowledge, there is not any mathematical algorithm for
constructing OOCs of length n = 2* which is appropriate for
implementation in digital systems such as Field Programmable
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Gate Array (FPGA) [13]. Hence, it seems that the only avail-
able method for designing optical orthogonal codes with rather
arbitrary values of length, weight and correlation constraints
is the use of search algorithms. One of the major drawbacks
of the search methods such as greedy, accelerated greedy, and
outer-product matrix algorithms is their lack of optimality
from the number of codewords viewpoint [1], [14]. In other
words, in these algorithms there is a substantial gap between
the number of constructed codewords and that of potentially
available ones. Furthermore, this gap increases as the code
length and weight increase [14]. In order to find optimal codes
via search algorithms, it is necessary to run a complete search
on the set of all possible sequences which is almost impossible
due to its excessive computational complexity. However, in this
paper, we show that by establishing an algebraic structure on
the reference set of available sequences and using its properties,
it is possible to confine the search space and decrease the
complexity of the search algorithms.

Definition 1: An (n,w, \,, A.) optical orthogonal code is a
family C of (0, 1)-sequences of length n with constant Ham-
ming-weight w satisfying the following two properties:

The autocorrelation property: For any codeword
x = (xo,%1,...,Zn—1) € C, the inequality
Ryx (1) = E?z_ol ZTiTior < A, holds for any integer
7 # 0(mod n).
The cross-correlation property: For any two distinct
codewords x and y in C, the inequality Ryy(7) =
S Tiyier < A holds for any integer 7.
@ denotes the modulo-n addition and A, and A, are respectively
called autocorrelation and cross-correlation constraints.

When A, = A. = A, we denote (n,w,A)-O0C for sim-
plicity. The number of codewords is called the size of optical
orthogonal code. From a practical point of view, a code with
large size is required [2], [3]. To find the best possible codes,
we need to determine an upper bound on the size of an OOC
with the given parameters. Let ®(n,w, Ay, A.) be the largest
possible size of an (n, w, Ay, Ac)-OOC. An OOC achieving this
maximum size is said to be optimal [1]. It is easily shown that
if wiw —1) > Ag(n — 1) then ®(n,w, Ay, A\) = 0 and if
w? > Aen then ®(n,w, Ay, A.) < 1 [12]. The Johnson bound
is the most general upper bound for ®(n, w, A)[1], [12]

R

where | | denotes the integer floor function. As an example,
the set {1100100000000, 1010000100000} is a (13, 3, 1)-OOC

B(n,w, )) < F {
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w
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with two codewords. This code is optimal since ®(13,3,1) <
5] =2

3371

A useful depiction for OOC is the set-theoretical rep-
resentation X = {k € Z,;z; = 1} for each codeword
x = (xo,1,...,Tn-1), Where Z, = {0,1,...,n —
1} denotes the modulo-n integers [1]. As an instance,
{{0,1,4},{0,2,7}} (mod 13) is the representation of the
above (13,3,1)-O0C. For another example, the following set is
the set-theoretical representation of an optimal (40,4,1)-O0C
[4]

C= {{0,1728737},{0,2,18,25},{0,5,11,19}} (mod 40).
2)

Based on this representation, the correlation properties for
any codewords X and Y and any modulo-n integers a and b
can be reformulated as follows [1].

The autocorrelation property: |(a & X) N (b & X)| <
Aa,a # b (mod n).
The cross-correlation property: [(a ® X) N (b Y)| <
Ay X £ Y.
a® X is defined as {a®x; x € X} and | X| denotes the cardinal
number of the set X.

Similar to low-density parity-check (LDPC) codes, the den-
sity of marked chips in optical orthogonal codes is very low
and it has motivated some research on the relation of OOCs and
LDPC codes [15], [16]. There are several OOC design methods
based on mathematical structures such as projective geometry
[1], [4] and finite field theory [11], [12], [17], as well as search
algorithms such as greedy [1] and outer-product matrix [14]. A
comprehensive study of the OOC construction algorithms has
been given in [18].

The codewords of an (n, w, Ay, A.)-OOC are in the space of
(0,1)-sequences with length n and weight w which contains (2))
members. It is clear from the correlation properties of OOC that
no cyclic shift of a codeword of an optical orthogonal code can
make a new codeword. In other words, all cyclic shifts of a code-
word are different representations of that single codeword. So,
by cyclic shifting we can always select a codeword such that its
first chip is equal to “1”. Accordingly, the universal discourse
on every design algorithm for an (n, w, \,, A.)-OOC is the set
Spw of all (0,1)-sequences of length n, weight w and the first
chip “1” which is defined as follows:

n—1
Sn,,,,, = {1.171.172 e Tp—15T; € {0,1},2&71; = w—l}. 3
i=1

The set-theoretical representation of S, ., is the collection of
all w-subsets of modulo-n integers Z,, which contain “0” as
a fixed element, so the cardinal number of Sy, ., is Sy w| =
(Z}j) . As an example, the set-theoretical representation of ref-
erence set for the construction of (7,3,1)-O0OC that contains
|S7.3] = (5-7) = 15 sequences is as follows:

Sz3 ={{0,1,2},{0,1,3},{0,1,4},{0,1,5},{0, 1,6}
{0,2,3},{0,2,4},{0,2,5},{0,2,6},{0,3,4}
{0,3,5},{0,3,6},{0,4,5},{0,4,6},{0,5,6}}. (4)
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Hereafter, when we refer to the set .S,, ,,, we consider it in-
terchangeably both as the sequence space and as its set-theoret-
ical representation proportionate to the context. The rest of the
paper is organized as follows. In Section II, we introduce the
circulant matrix representation of optical orthogonal codes and
present the spectral classification of constant-weight sequences.
The establishment of multiplicative group action on the refer-
ence set of sequences and its algebraic properties are investi-
gated in Section III. Section IV is devoted to the autocorrelation,
intraclass and interclass cross-correlation properties of spectral
classes obtained from the multiplicative group action and their
use in decreasing the computational complexity of the OOC de-
sign algorithms. Finally, Section V concludes the paper and pro-
poses some research problems for future work.

II. CIRCULANT MATRIX REPRESENTATION OF OPTICAL
ORTHOGONAL CODES

In [14], corresponding to every OOC codeword x, displayed
as a row vector, the outer-product matrix Dyx = xTx is
defined where 7 denotes the matrix transpose operation and
based on the properties of this definition, a search algorithm
for designing a subclass of optical orthogonal codes, namely,
(n,w, A4, 1)-00C is developed. Outer-product matrix repre-
sentation of optical orthogonal codes initiates the use of matrix
algebra in the analysis and design of these codes. The proper
selection of appropriate types of matrices corresponding to
optical orthogonal codes is of great importance to be suitably
effective in developing OOC construction algorithms. Because
of the cyclic structure of OOC codewords and the cyclic nature
of its correlation properties, in the following definition we
introduce the circulant matrix representation of optical orthog-
onal codes displaying all possible cyclic shifts of a codeword
in a circulant matrix.

Definition 2: The circulant matrix representation of every
codeword x = (g, T1,...,Zn—1) inan (n,w, As, A.)-O0C is
defined as follows:

Zo T1 Tp—1
. Tp—-1 X9 .-. Tp-2
Cx = Cire{x} = ) . . . 5)
T Tro ... i)

As an example, the circulant matrix representation of
(5,2,1)-00C with two codewords x = 10100 and y = 11000
is obtained as follows:

10100 11000
01 01 0 01 100
Ce=10 010 1|Cy=]0 0 1 1 0|. (6
10010 000 1 1
0100 1 100 0 1

It can be easily seen that the autocorrelation vector
Ryx = (Rxx(0), Rxx(1),..., Rxx(n — 1)) and the cross-cor-
relation vector Ryy = (Rxy(0), Rxy(1l),...,Rxy(n — 1))
can be obtained from circulant matrices as Ryx = xCxT and
Ry, = nyT . Acording to these equations, for (5,2,1)-O0C,
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we have Ryx = (2,0,1,1,0), Ry, = (2,1,0,0,1), and
R.y = (1,1,0,1,1).

Since all circulant matrices of order n have the same 7 dis-
tinct eigenvectors, they form a simultaneously diagonalizable
collection of matrices, and, therefore, their matrix multiplica-
tion commutes [19], [20]. Accordingly, the space of all circu-
lant matrices of order n which is denoted by Cire{n} [20],is a
commutative linear algebra [19]. We use this convention that the
inequality A < B for matrices A = [a; ;] and B = [b; ;| means
that for every ¢ and j we have a; ; < b; ;. Now, we present a
new definition of optical orthogonal codes on the space of cir-
culant matrices as an algebraically commutative space.

Definition 3: An (n,w, A, A\:)-OOC is a family C of n x n
circulant (0,1)-matrices with w “1s” in each row satisfying the
following two conditions:

The autocorrelation property: for any matrix A € C,
AAT < \U, + (w = M) .
The cross-correlation property: for any two distinct ma-
trices A,B € C, ABT < \.U,.
U,, denotes the n x n all-“1” matrix and [, represents the iden-
tity matrix of order n.

Now, we obtain the spectrum of circulant matrix representa-
tion of constant-weight sequences for establishing a classifica-
tion on the space S, ,,. First, we define a basic circulant ma-

0 n—1

| |
trix of order n as T,, = Circ{(0,1,0,..., 0)}, so, we have
k

k factors

TF = Ty x Ty x...x T, = Circ{(0,...,0, f,o,...,())}
and T? = T" = I,,. Therefore, every circulant matrix Cy =
Circ{(xo,21,...,2,_1)} can be written in terms of basic cir-
culant matrices as Cy = zol,+21 T, +x2T2+. . .4z, TP L
As an example, for (5,2,1)-O0C in (6) we have Cyx = I5 + T7
and Cy = I5 + T5. It can be easily computed that the charac-
teristic polynomial of the basic circulant matrix 7, is equal to
det(zI, — T,) = 2™ — 1, and, therefore, its eigenvalues are the
roots of characteristic equation 2™ = 1, namely, the nth roots of
unit which are denoted by §% = 5 for k = 0,1,...,n— 1.
As we know from matrix algebra, if z is an eigenvalue of matrix
M and P(M) = ap + a1 M + ... + a,, M™, then P(z) is an
eigenvalue of P(M) [19]. So, the spectrum of matrix Cy which
is defined as the set of its eigenvalues [20], is as follows:

Spec(Cx) = {wo + mlﬁfl’ + xzegk +...+ wn_lﬂg”_l)k

k:O,l,...,n—l}. 7

It is clear that the spectrum of every circulant matrix Cyx =
Circ{(zg,z1,...,2n—1)} is the set of all discrete Fourier trans-
form (DFT) values of vector (z¢,z1,...,2Zn—1). Also, for any
constant-weight sequence x € S, ,,, we have w = ZZ;; Ty €

Spec(Cy).

Definition 4: Two sequences x and y in S, ,, are said to
be equivalent if their corresponding circulant matrices have
the same spectrum. In other words, x ~ y < Spec(Cx) =
Spec(Cy).
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Based on this equivalence relation, every equivalence class
x] = {y; Spec(Cy) = Spec(Cx)} contains all sequences
of the same spectrum and the collection of all classes forms a
partition on the set S, ,, which we call the spectral classification
of constant-weight sequences. For example, the set S5 3 that
contains (;j) = 6 sequences can be spectrally partitioned into
two classes {11100,11010,10101,10011} with spectrum {3, 14+
O4+62,14+0+6% 1+624+6%*14+6%+60*} and {11001,10110}
with spectrum {3, 1+ 0 + 64,1 + 2 + 63} where f = ¢ .

As we shall see in Section 1V, the spectral classification of
Sn,w preserves the correlation properties of constant-weight
sequences that can be very effective in designing and devel-
oping OOC construction algorithms. However, it is a difficult
and time-consuming process to compute all eigenvalues of
the circulant matrices corresponding to the constant-weight
sequences for establishing the spectral classification on Sy, 4.
Therefore, in Section III, based on the multiplicative group
action we propose a method of partitioning S, ,, which is
equivalent to its spectral classification.

III. MULTIPLICATIVE PARTITIONING IN LIEU OF
SPECTRAL CLASSIFICATION

In mathematics, it is a common approach to establish an al-
gebraic or geometric structure on a raw set to equip it with pow-
erful tools for future uses [21], [22]. In this section, the algebraic
structure we intend to establish on the set S, ,, is a group ac-
tion which devises a method for spectral classification of Sy, 4.
The set II,, of all positive integers not greater than n, which are
prime with respect to n, and the binary operation of modulo-n
multiplication ® form a multiplicative group (IT,,, ®) of order
¢(n) in which ¢ is the Euler function and if n has a prime fac-
torization pi*'p5** ... p;"* for prime numbers p;’s and positive
integers m;’s, then we have [21]

s =n(i-)(1- ) (1-2). @

If n is a prime number, then I,, = {1,2,...,n—1}and ¢(n) =
n—1

Definition 5: A group action of a group G on a set S is a map
f:G x S — S satisfying the following two properties:
l. f(e,s) =sforalls € S.

2. f(g192,5) = f(g1, f(g2,s)) forall g;, g2 € Gands € S,
where e is the identity of G [21].

Proposition 1: The following map is the group action of the
multiplicative group II,, on the reference set S,, .,

f : Hn X Sn,w - Sn,w

where g € II,, and X = {0,k1,.... kw_1} € Spw-

Proof: First, we show that for all X € S, ,, the set g © X
isin Sy . Fork; # k;jin Z,,if g ® k; = g ® kj, then g ®
(ki — k;) = 0 (mod n), so n|g(k; — k;), namely, n is a factor
of g(k; — k;), and since ged!(n, g) = 1, according to Euclid’s
lemma n|(k; — k;) which is a contradiction to k;, k; € Z,,. Also

IGreatest common divisor.
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TABLE 1
CLASSIFICATION PARAMETERS OF S, .,

n w |Sn,w| ¢(n) |Sn,w/Hn| L x NL

5 3 6 4 2 4x1,2x1

6 3 10 2 6 2x4,1x2

7 4 20 6 4 6x3, 2x1

8 5 35 4 12 4xX6,2x5, 1x1
9 4 56 6 10 6x9, 2x1

10 7 84 4 22 4 x 20, 2X2

11 4 120 10 12 10 x 12

11 6 252 10 26 10 x 25, 2 x 1
12 4 165 4 52 4x32, 2x17,1x3
12 7 462 4 135 4x98, 2x33,1x4

0=9g060¢€ goX,s0g®X isaw-subset of Z,, which contains
“0”, therefore, g ® X € S,, ,,. Now we verify the properties of
group action.

1. f(l/X) =10 X = {1@0/1@]{)1// 1®kw_1} =

{0,k1,.. . kw_1} = X.

2. flgr © 92,X) = (1 ©g2) ©X = {0,(g1 © g2)
’ "7gl®
(92 ©kw-1)} = 110 (920 X) = f(g1, (g2, X)). O

Definition 6: For the group action of the multiplicative group
IL, on the set S, ,,, we say that two sequences X and Y in S, 4,
are related and we write X ~ Y, when there is a g € II,, so that
X=g0Y.

It can be easily seen that the relation X ~ Y is an equiv-
alence relation that decomposes the set S,, ,, into the equiv-
alence classes where every class is defined as [X] = {Y €
Snw;Y ~ X} and X is called the representative of the class
[X]. In group theory context, the class [X] is called the orbit
of X and is equal to {g ® X;g € II,,} [22]. Furthermore, the
collection of all classes of Sy, ., is called the orbit space or the
quotient of group action and is denoted by S,, ., /IL,, [21]. Ac-
cordingly, the number of sequences in the class [X] is equal to
the index of the stabilizer of X in II,,[21]. So, if |[[X]]| is the
number of sequences in the class [X] and |Sx| is the order of
the stabilizer subgroup Sx = {g € II,,;; g ® X = X}, then we
have |[X]||Sx| = |IL.| = ¢(n); thus, the number of sequences
in every class is a factor of ¢(n). We refer to the class with ¢(n)
sequences as complete class and otherwise incomplete. For in-
stance, the set S7 3 in (4) has two complete classes with ¢(7) =
6 sequences and one incomplete class with three members. It
can be partitioned as S7 3 = [{0,1,2}]U [{0,1,3}]U[{0, 1,6}]
where

[{07172}]::{{0,1,2},{0,174}7{0,274}7
{0,3,6},{0,3,5},{0,5,6}}
[{0,1,3}]::{{07173}7{071,5},{072,3},
{0,2,6},{0,4,5},{0,4,6}}

[{0,1,6}]::{{0,1,6},{0,2,5},{0,3,4}}. (10)

There are some major questions on the orbit space .Sy, ., /1,
that are about the number of complete and incomplete classes
and the size of every incomplete class. For prime n, we present

an equation for the number of classes in the following theorem
which is proved in the appendix using Burnside’s lemma. The
general case is remained as an open problem for future work.

Theorem 1: If n is prime, the number of classes in the orbit
space S, /11, will be

|Sn,w/Hn| = Z

dl(n=1)
d|(w—1)

"7\ 9(d)
(g%)n_l. (11)

Proof: For proof see Appendix A.

In the following tables, we present some classification pa-
rameters of the space S, ,, which is useful for verification of
any proposed formula. The last column of each table displays
L x Ny in which L denotes the size of each class and Ny,
represents the number of classes with size L; therefore, we have
> 1. NoL = |S, |- All details of Tables I-III such as number
of complete and incomplete classes, and size of incomplete
classes have been obtained via a computer search program
on the space S,, ,. Theorem 1 is only useful for enumerating
all multiplicative classes on the set S, ,, when n is a prime
number, however, it is not valid for nonprime 7.

From Table I, we can see that when n is prime, i.e., ¢(n) =
n — 1, the complete class has the largest size » — 1 and so the
number of classes is the lowest amount in contrast with com-
posite n. For example, S11 4 has 12 classes with size 10 while
S12,4 has 52 classes of sizes 4, 2, and 1.

Tables II and III depict the classification parameters of Sy, 4,
for all possible values of w and for prime n = 13 and composite
n = 14, respectively. In these tables N¢¢ is the number of
complete classes and Ny¢ is the number of incomplete classes,
so Ncc + Nic = |Sn,w/Ikn|.

It can be seen from Table II and Table III that the behavior
of Sy, classification is similar to that of S, ., when w; +
we = n + 1. Also, for both prime and composite sequence
lengths, most classes are complete and there are few classes of
incomplete size.

Theorem 2: The spectral classification of .S, ,, is equivalent
to its multiplicative partitioning.
Proof: Assume that the set-theoretical representation of
sequence X € S, ,, is X = {0,k1,...,ky—1} and its multi-
plicative permutation y has the representation Y = k ® X =
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TABLE 11

CLASSIFICATION PARAMETERS OF S'i3 4
w |S’n,'w| |Sn,w/nnl Ncc Nic L X N
2 12 1 1 0 12x1
3 66 6 5 1 12x 5, 6 x1
4 220 19 18 1 12 x 18, 4 x 1
5 495 43 40 3 12 x40, 6 X2, 3 x1
6 792 66 66 0 12 x 66
7 924 80 75 5 12x 75, 6 x3,4x1, 2x1
8 792 66 66 0 12 X 66
9 495 43 40 3 12 x40, 6 x 2, 3 x 1
10 220 19 18 1 12 x 18, 4 x1
11 66 6 5 1 12 x5, 6 x1
12 12 1 1 0 12x1

TABLE III

CLASSIFICATION PARAMETERS OF .S 4,4,
w | |Sn,wl ||Sn,w/Mal| Ncc | Nic L x N
2 13 3 2 1 6x2, 1x1
3 78 14 12 2 6 x 12, 3 x2
4 286 50 46 4 6 X 46, 3 X2, 2X2
5 715 123 116 7 6 X 116, 3 x5, 2 X 2
6 1297 217 212 5 6 X212, 3 X5
7 1716 292 282 10 6 X282, 3x6,2x2,1x2
8 1716 292 282 10 6 X282, 3 x6,2x2, 1xXx2
9 1297 217 212 5 6 X212, 3 X5
10 715 123 116 7 6 X 116, 3 x5, 2 X 2
11 286 50 46 4 6 X 46, 3 X2, 2X2
12 78 14 12 2 6 x 12, 3 x 2
13 13 3 2 1 6x2, 1x1

{0,k ® k1,...,k © ky—1}, where k € IL,. So, the spectra of
their corresponding circulant matrices are

Spec(cx) = {1 + 03;1 ot + 9:22@1‘, +..+ Hﬁxu—l@)t
t:QL”qn—l}
Spec(Cy) = {1 4 gROKOs | gka@kos | gy 1OkOs

s:QL”wn—l}

Since k € II,,, there is &’ € II,, such that k ® k&’ = 1. There-
fore, the eigenvalue of C for t € Z,, is equal to that of Cy, for
s = k' ©t € Z,, and so we have Spec(Cx) = Spec(Cy).
Conversely, if the circulant matrices Cx and C}, corresponding
to two sequences x and y in S, ,, have the same spectrum, it is
necessary that the sets of the powers of ,, = ¢'* in their spec-

trum are multiplicative permutation of each other, and, there-
fore, thereisa k € 11,,, suchthatY = k© X. O

According to the aforementioned theorem, we can spectrally
classify S, ., by establishing the multiplicative partitioning on
it without any need for computing the spectrum of sequences.
There are a lot of pure mathematical questions about the struc-
ture of the proposed multiplicative group action of II,, on the
set S, ., that can be attractive to mathematicians. However, our
goal is to use the proposed classification in the construction
algorithms of optical orthogonal codes which is dealt with in
Section IV.

IV. CORRELATION PROPERTIES OF
MULTIPLICATIVE PARTITIONS

Definition 7: The sequence y = o1 . - - Yn—1 is called the
multiplicative permutation of the sequence X = gz ...%Tp_1,
if thereis a g € II,, sothat y, = zpe, fork =0,1,...,n =1
and itis denoted by y = x © g¢.

The following proposition shows the relation between the
set-theoretical representations of the sequences that are multi-
plicative permutations of each other.

Proposition 2: If X and Y are the set-theoretical representa-
tions of x and y = x®g, respectively, thenwehave Y = ¢/© X
where ¢’ is the inverse of g € II,,, namely, g ® ¢’ = 1.

Proof: Suppose thaty = x ® g for some g € II,, and
consider £ € Y, so we have y, = w0y = 1thenk ©® g € X.
Since g is in the multiplicative group I1,,, there is a ¢’ € II,, so
thatg ®¢' = landthenk = (k© g) ® ¢ € ¢’ ® X and vice
versa. O

As we see from the previous proposition, there is a bijection
between multiplicative permutations of sequences and multi-
plicative action on their set-theoretical representations. So, the
orbit [X] = {g ® X;g € II,, } is in one-to-one correspondence
with the set {x ® g; g € II,,} containing all multiplicative per-
mutations of sequence x. Now we have the sufficient tools for
investigating the correlation properties of multiplicative classes
for using in OOC design algorithms.

Autocorrelation: As an example, consider the sequence
1101000010 in the space Sip4. Its autocorrela-
tion vector is equal to Ryx = (4,1,2,2,0,2,0,2,2,1).
Now suppose that y = x ® 3 = 1100001100, and
then Ry, = (4,2,0,1,2,2,2,1,0,2). We easily see that

X =
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Ryy = Rxx © 3. This is a general result and it is proved in the
following theorem.

Theorem 3: If x € Sp, w andy = x ® g for some g € II,,
then we have Ry, = Rxx © g.
Proof: According to the definition of autocorrelation, we
have

n—1 n—1
Ryy(m) = Z YeYkom = Z TrogT(kom)oOg
k=0 k=0

n—1 n—1
= megw(k@g)e(mag) = Z TIT1H(mog)
k=0 =0
=Rxx(m ® g). O

As an application for the above theorem, we see that all the
sequences of a class have the same autocorrelation pattern. In
other words, their autocorrelation vectors are the multiplicative
permutations of each other. Therefore, if for a sequence x, the
autocorrelation property in the OOC definition is established,
then it is satisfied for all sequences of its class {x ® g; g € 1L, }
and if it is not held for a sequence, it is satisfied for none of its
multiplicative permutations. Therefore, by computing the auto-
correlation of the representative of each class we decide to hold
the corresponding class in the search space or not. For instance,
consider the classification of S7 3 in (10). It can be easily
computed that the autocorrelation pattern for classes [{0, 1, 2}]
and [{0,1,6}] is (3,2,1,0,0,1,2) and for class [{0,1,3}] is
(3,1,1,1,1,1,1). Therefore, to design a (7,3,1,A\.)-O0C, our
search space is the class [{0, 1, 3}] with 6 sequences not the set
S7,3 with 15 sequences.

Cross correlation: In the case of cross correlation, we
have two categories, the cross correlation between different
sequences of a same class, which is called intraclass cross
correlation, and the cross correlation between the sequences of
distinct classes, which is referred to as interclass cross correla-
tion. First, we deal with the case of intraclass cross correlation
by the following theorem.

Theorem 4: The cross correlation between the sequences y =
x ® rand z = x ® s has the same pattern with the cross corre-
lation between the sequences x and x ® s ©® r’ where 1’ is the
inverse of r in group II,,.
Proof: From the definition of cross correlation and by sub-
stituting the variable k£ ® r by [, and thus, the variable k ® s by
1 ®s®r’, we have

n—1 n—1
Rys(m) = Z YkZkom = Z TrorT (kom)os

k=0 k=0
n—1

= Z LTrord(kOs)®(mOs)
k=0
n—1

= Z xlx(l@s(DT’)G—)(m@s)
=0

= Rxxosor (M © s).

So, the cross correlation of y and z and that of x and X ® s ©® 7’
have the same pattern. O
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TABLE IV
CROSS CORRELATIONS BETWEEN X = {0, 1,4} AND ITS CLASS MEMBERS

g goOX Rxgox

2 | {0,2,8} | (1,1,1,0,1,1,1,0,0,1,0,1, 1)
3 | {0,3,12} | (1,3,1,0,1,1,0,0,0,0,1,1,0)
4 | {0,3,4} | (2,2,0,0,1,0,0,0,0,1,2,1,0)
5 | {0,5,7} | (1,1,0,0,1,0,1,1,1,1,1,0,1)
6 | {0,6,11} | (1,1,1,1,1,0,1,1,1,0,0,1,0)
7 {0)257} (1’17170317071a17070717171)
8 | {0,6,8} | (1,1,0,0,1,1,1,1,1,1,0,1,0)
9 | {0,9,10} | (1,1,0,1,3,1,0,1,1,0,0,0,0)
10 | {0,1,10} | (2,1,0,2,2,0,0,1,0,0,0,0,1)
11 | {o0,5,11} | (1,1,1,1,1,0,1,0,1,1,0,0,1)
12 | {0,9,12} | (1,2,1,0,2,2,0,0,1,0,0,0,0)

The application of this theorem is in the computation of cross
correlation between sequences in a class. Suppose that class
[X] has K sequences. Therefore, we have (%) = KZE=1
cross-correlation sequences between all distinct members of the
class. But many of these cross-correlation sequences have the
same pattern and actually we need to know K — 1 cross correla-
tions between the representative X and other K — 1 members of
the class in the cross-correlation property of OOC definition. As
an example, consider the complete class [{0, 1,4}] in the space
S13.3 with ¢(13) = 12 sequences. Table IV shows all 11 neces-
sary cross-correlation patterns needed for OOC design from all
66 possible cross-correlation vectors.

Suppose that we want to examine the cross-correlation prop-
erty of two sequences 5® X = [0,5,7]and 8 ® X = [0, 6, 8].
According to Theorem 4, their cross-correlation pattern is the
same as one between sequences X and (805 )0 X = 120X =
{0,9,12} which is equal to (1, 2, 1,0, 2, 2,0, 0, 1, 0, 0, 0, 0).
Therefore, these sequences are not appropriate for any (13, 3,
Aa, 1)-O0C.

In the case of interclass cross correlation, we want to com-
pute the cross correlations between the sequences of different
classes. The following theorem facilitates the examination of
cross-correlation property in the OOC definition.

Theorem 5: Consider the sequencesu = xOrandv =y©®s
in the classes [X] and [Y], respectively. The cross correlation
between u and v has the same pattern with one between x and
y ® s ® 7’ where 7’ is the inverse of r in II,,

Proof: Similar to the proof of Theorem 4, we have

n—1 n—1
Ruv(m) = D ukkom = ) TrorY(kom)os

k=0 k=0
n—1

= Z TroOrY(kOs)®(mos)
k=0
n—1

= Z T1Y(10s0r")®(mOs)
1=0

= Rxyosor (M © s). .

Suppose that we have two classes with K; and K> sequences.
There are K1 K> cross correlations between the sequences of
these classes which are necessary for the examination of
cross-correlation property in the OOC definition. But, from the
above theorem we can deduce that it is sufficient to compute
min{ K7, Ky} cross-correlation vectors because the others
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TABLE V
CROSS-CORRELATIONS BETWEEN {0, 1,6} AND THE MEMBERS OF [{0,1,12}]
9©{0,1,12} Rxgov
{0,1,12} 2,2,1,0,0,1,1,1,0,0,0,0,1)
{0,2,11} (1,1,1,1,1,0,1,0,1,0,0,1,1)
{0,3,10} (1,1,0,2,1,0,1,0,0,1,1,1,0)
{0,4,9} (1,1,1,0,1,1,1,0,0,1,2,0,0)
{0,5,8} (1,2,0,0,0,1,2,0,1,1,0,1,0)
{0,6,7} (2,1,0,0,0,0,2,2,1,0,0,0,1)

have the same patterns with these computed cross correlations.
For example, consider the complete class [{0, 1,6}] with 12 se-
quences and the incomplete class [{0, 1,12}] with 6 sequences
in the space Sq3,3. From all 6 X 12 = 72 cross correlations we
only need to compute 6 ones between {0, 1,6} and 6 members
of multiplicative class of sequence Y = {0, 1,12} which are
depicted in the following table.

So, if we need to examine the cross correlation between two
sequences {0,8,9} = 8 ® {0,1,6} and {0,3,10} = 3 ©
{0,1, 12}, from Theorem 5 we know that it has the same pat-
tern with the cross correlation between {0,1,6} and (8’ ® 3) ®
{0,1,12} = {0,2,11} which is equal to (1, 1, 1, 1, 1,0, 1, 0,
1,0, 0, 1, 1) from Table V. Therefore, these two sequences are
suitable for (13, 3, A,, 1)-O0C.

Now, we summarize the results of the previous the-
orems. Consider the set S, ., as the reference set for
(n,w, Aa, Ac)-OOC construction. If we apply the multiplicative
group action of II,, on this set, we obtain the spectral classi-
fication of S, ,, called multiplicative partitioning .S, .,/IL,,.
Suppose that there are N mutually disjoint classes Cy, C, ...,
Cy in this partitioning with sizes K, Ko,...,Ky, respec-
tively, so that UY ,C; = Sy,w and qu\;1 K; = (:Jj) First,
we compute the autocorrelation of each class representative
and examine whether it satisfies the autocorrelation property of
OOC or not. If a class representative is satisfactory we hold the
class in the space and if not we eliminate the whole class from
the desired space. In this manner, we make a smaller reference
set for search algorithms. To examine the cross-correlation
property of OOC, what we need is the computation of cross
correlations between class representatives and other sequences,
not the cross correlations between any two arbitrary sequences.
Since most classes are complete and have ¢(n) sequences, we
can claim that the multiplicative partitioning of reference set
Sy.,w decreases the correlation computations of order ¢(n). For
prime n we have ¢(n) = n — 1, so the order of decreasing
is n. But, generally we have ¢(n) > /n for n > 6[22], and
we can say that this classification decreases the correlation
computations of order at least \/n for composite n.

As an example, we construct (16, 4, 1, 2)-OOC using the
proposed classification method. First, the sequence space S16,4
with (146:11) = 455 members is classified to |S16.4/TT16| = 69
classes including Nocc = 48 complete classes with size
$(16) = 8 and Nyc = 21 incomplete classes including 15
partitions with size 4, 5 partitions with size 2, and 1 partition
with size 1. Then, we check the autocorrelation constraint
Aq = 1 for all 69 class representatives and eliminate all those
classes not satisfying the autocorrelation constraint. It can be
easily computed that there are only 6 survived classes with rep-
resentatives {0, 1,3,7}, {0,1, 3,12}, {0,1,4,6}, {0,1,5,14},
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{0,1,10,12}, and {0,1,10,14}. Since the survived classes
are all complete, we have only 6 X 8 = 48 sequences out
of 455 in the search space. Now, we form the corresponding
graph of (16, 4, 1, 2)-OO0C construction by considering every
sequence as a vertex and connecting two vertices if their cross
correlation satisfies the constraint A\, = 2. According to the
correlation properties of spectral classes, the examination of
cross-correlation condition only needs the computation of
6 x (8—1)+ () x 8 = 162 out of () = 1128 cross
correlations. The optimal (16, 4, 1, 2)-OOC is equivalent to a
clique (a complete subgraph of a graph) with maximum order.
By running a simple maximum clique algorithm we find the
largest complete subgraph of order 4 and, therefore, the optimal
(16, 4, 1, 2)-O0C as follows:

(16,4,1,2) — 00C = {{0,3,5,9}, {0,7,11,13)
{0,1,3,12},{0,9,11,12}}. (12)

Since the proposed algorithm is a complete search method, the
constructed OOC is optimal, namely, (16,4, 1,2) = 4.

Similar to the previous example, (19, 5, 2)-O0C is
constructed using the classification of Spig5 which has
(159__11) = 3060 sequences. Sig5/Il19 consists of 168 com-
plete classes with size 18 and 4 incomplete classes with
size 9. There are 109 complete classes and 2 incomplete
classes containing 1980 out of 3060 sequences that satisfy
the autocorrelation criterion A, = 2. The corresponding
graph is formed so as to satisfy the cross-correlation crite-
rion A, = 2. The number of both intraclass and interclass
cross-correlation computations needed to form the graph
matrix is 109 x (18 — 1) +2 x (9 — 1) + (3°) x 18 + (2)
X9+ 109 x 2 x min{9, 18} = 109788 out of ( 9;8 ) = 1959210
cross correlations. After running a max clique algorithm on the
graph matrix we have the following optical orthogonal code
with four codewords:

(19,5,2) — 00OC = {{0, 1,2,5,7},{0,3,6,10,15}
{0,7,9,11,18},{0,5,10,11,13}}. (13)

From the Johnson bound in (1), we have ®(19,5,2) <

1| 19-1 | 19-2 _ P :
Lg Lﬁ [ = JJJ = 4, so, our construction is optimal.

V. CONCLUSION AND FUTURE WORK

The circulant matrix representation of optical orthogonal
codes was introduced and based on this representation a new
definition of OOC on the commutative linear algebra of circu-
lant matrices was presented. Using the spectrum of the circulant
matrices corresponding to the constant-weight sequences, we
proposed the spectral classification of S, . preserving the
correlation properties of constant-weight sequences. As a
method for spectrally classifying S, .,, we suggested the mul-
tiplicative group action on it. Therefore, the reference set of
(n,w, Aa, Ac)-OOC design algorithms was equipped with the
multiplicative group action thus was classified to multiplica-
tive orbits. This group action crystalized some mathematical
problems about the algebraic structure of the multiplicative
partitioning such as the number and the size of its orbits.
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Furthermore, we proposed a novel equation for the number of
orbits when the code-length is prime and in the case of com-
posite numbers it remained as an open problem for future work.
Correlation properties of multiplicative partitions including
autocorrelation, intraclass and interclass cross correlations
were derived and their use in the examination of correlation
conditions of optical orthogonal codes was investigated. Gen-
erally, the multiplicative partitioning of the set Sy, ., reduced
the correlation computations of order ¢(n). Another advantage
for this classification is in its independence from code-length
n, code-weight w, and correlation constraints A\, and \. that
makes it suitable for construction of optical orthogonal codes
with any arbitrary parameters.

APPENDIX

In this Appendix, we prove Theorem 1 presented in
Section III that enumerates the number of multiplicative
classes when 7 is a prime number. The key point in this proof
is the use of Burnside’s lemma that we first mention it.

Burnside’s Lemma: Let f : Gx S — S be the group action
of the group G on the finite set S. Its number of orbits is

1
15/G| = il > 18]

geG

(A1)

where S; = {s € S; f(g,s) = s} contains all fixed points of
the map f for some g € G [21], [22].

Now we apply this lemma to the multiplicative group ac-
tion to find the size of the orbit space S,, ., /IL,,. It is clear that
|G| = |II,| = n — 1 and we must obtain the size of S, = {X €
Snw;g © X = X}. First, we show that if S; is a nonempty
set then the order of element g is a factor of w — 1. Suppose
that ord(g) = d and X = {0,a1,as2,...,ay_1} € S,, then
we have {0,a1,...,apy—1} ={0,9®a1,...,g®ay_1}.Con-
sider a;; € T = {a1,...,ap-1},s0 we have I} = {a;;,9 ®
@iy 9 ®a;,} CIIF L # I, we choose a;, € [ — I
and form I like as I;. In this manner we continue to the set I},
so that Ulelk = I and I; # I, fori # j. Therefore, we have
w—1 = dx k and then ord(g)|(w—1). Accordingly, for g € II,,
that ord(g) is not a factor of w — 1, the set .S, is empty and
|Sy| = 0. However, if ord(g)|(w — 1), we should enumerate the

number of ways for choosing (;‘,’T’(;) cosets from L(;) cosets

ord
of the cyclic subgroup (g) = {1,g,,9%,...,¢°" %9~} in the
n—1
). According to (A.1), we

n—1_
(o’r‘d(g) )
w—1 |°

ord(g)

ord(g)
w—1
ord(g)

group II,, which is equal to (

have

1
|Sn,w/Hn| = - Z (A2)

n—1
g€ll,
ord(g)|(w—1)

In order to obtain the desired equation, we compute the sum-
mation in terms of d = ord(g) instead of g € II,,. Since II,, is a
cyclic group, for any d|(n — 1) there are ¢(d) elements of order
din I, so that 3, ;) ¢(d) = n — 1. Applying this fact to
(A.2), we have

n—1
|Sn,w/Hn|:ﬁ Z ¢(d)<wd1>'
d

d|(n—1)
dl(w—1)

(A3)
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Therefore, the proof is complete and we obtain an equation to
enumerate the number of orbits when the length n is a prime
number. O
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