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Abstract

In this letter, I examine the electromagnetic modes propagating in a step-index optical fiber and

classify them to the set of Linearly Polarized (LP) modes based on weakly guided propagation conditions.
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I. DEFINITIONS

Consider a step-index optical fiber with core diameter 2a, so that the refractive indexes of

its core and cladding are n1 and n2, respectively. The numerical aperture of the fiber is NA =√
n2

1 − n2
2 and its normalized frequency is V = ka

√
n2

1 − n2
2 for k = ω

c
where ω is the angular

frequency of light in rad
s

and c is the speed of light in the vacuum in m
s

. Let β be the propagation

constant of electromagnetic waves in fiber such that n2k ≤ β ≤ n1k. We define the parameters

u, w, U , and W as follows:

u =
√
n2

1k
2 − β2 U = ua = a

√
n2

1k
2 − β2

w =
√
β2 − n2

2k
2 W = wa = a

√
β2 − n2

2k
2

So we have U2 +W 2 = V 2.
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II. CHARACTERISTIC EQUATION

The main equation governing on the propagation constant β which is called the characteristic

equation is as follows:

( J ′m(U)

UJm(U)
+

K ′m(W )

WKm(W )

)( J ′m(U)

UJm(U)
+
(n2

n1

)2 K ′m(W )

WKm(W )

)
= m2

( 1

U2
+

1

W 2

)( 1

U2
+
(n2

n1

)2 1

W 2

)
where m is a nonnegative integer and Jm is the Bessel’s function of the firs kind and mth order

and Km is the modified Bessel’s function of the second kind and mth order.

If m = 0, we have two independent equations for TE and TM modes respectively as follows:

J ′m(U)

UJm(U)
+

K ′m(W )

WKm(W )
= 0

J ′m(U)

UJm(U)
+
(n2

n1

)2 K ′m(W )

WKm(W )
= 0

The cutoff frequency are obtained via letting W → 0 and therefore U → V . For TE and TM

modes they are equal to the positive roots of J0(V ) = 0. So if r0p is the pth positive root of J0

for p ≥ 1, the cutoff frequency for TE0p and TM0p is V0 = r0p. For example TE01 and TM01

have the cutoff frequency r01 = 2.405.

For EHmp modes the cutoff frequencies are obtained via the equation Jm(V ) = 0 for m ≥ 1

and p ≥ 1. So the cutoff frequency of the mode EHmp is V0 = rmp which is the pth positive root

of Jm. As an example the modes EH11, EH12 and EH21 have the cutoff frequencies r11 = 3.832,

r12 = 7.016 and r21 = 5.136, respectively.

For HEmp modes we have two different cases m = 1 and m ≥ 2. If m = 1, for p = 1 the

mode HE11 has the cutoff frequency V0 = 0 and for p ≥ 2 the cutoff frequency of the mode

HE1p are V0 = r1p−1 which is the (p − 1)th positive root of J1. For example the mode HE12

has the cutoff frequency r11 = 3.832. If m ≥ 2, the cutoff frequency of mode HEmp is the pth

positive root of the equation Jm−2(V ) =
n2

2−n2
1

n2
2+n2

1
Jm(V ) which is denoted by smp.

All modes propagating in optical fiber with their cutoff frequencies are shown in the following

table.
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Tab. 1. Cutoff Frequencies of Modes

Modes Cutoff Equation Cutoff Frequency

TE0p J0(V ) = 0 V0 = r0p p ≥ 1

TM0p J0(V ) = 0 V0 = r0p p ≥ 1

EHmp Jm(V ) = 0 V0 = rmp m ≥ 1, p ≥ 1

HE11

HE1p+1

HEmp

V = 0

J1(V ) = 0

Jm−2(V ) =
n2

2−n2
1

n2
2+n2

1
Jm(V )

V0 = 0

V0 = r1p p ≥ 1

V0 = smp m ≥ 2, p ≥ 1

III. LP MODES

In the weakly guided approximation we assume that n2

n1
' 1. So the characteristic equation

can be simplified to:

J ′m(U)

UJm(U)
+

K ′m(W )

WKm(W )
= ±m

( 1

U2
+

1

W 2

)
LP mode is a set of modes with the same characteristic equation and so the same cutoff

frequency. After some manipulation on the above equation using Bessel’s function relations and

setting l = m− 1 we have the following characteristic equation for LPlp modes with l ≥ 0 and

p ≥ 1:

Jl(U)

UJl−1(U)
+

Kl(W )

WKl−1(W )
= 0

The following table shows the classification of linearly polarized modes.

Tab. 2. LP Classification of Modes

LP Modes Exact Modes Cutoff Equation Cutoff Frequency

LP01 HE11 V = 0 V0 = 0

LP0p+1 HE1p+1 J1(V ) = 0 V0 = r1p p ≥ 1

LP1p TE0p TM0p HE2p J0(V ) = 0 V0 = r0p p ≥ 1

LPlp EHl−1p HEl+1p Jl−1(V ) = 0 V0 = rl−1p l ≥ 2, p ≥ 1

From the above table we see that although the modes LP0p+1 and LP2p have the same cutoff

frequency V0 = r1p for p ≥ 1, they have different characteristic equations J0(U)
UJ1(U)

= K0(W )
WK1(W )

and
J2(U)

UJ1(U)
= − K2(W )

WK1(W )
, respectively.
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